Let K/Q be a finite Galois extension and let χ 1 , . . . , χ r be the irreducible characters of the Galois group G := Gal(K/Q). Let f 1 := L(s, χ 1 ), . . . , f r := L(s, χ r ) be their associated Artin L-functions. For s 0 ∈ C \ {1}, we denote Hol(s 0 ) the semigroup of Artin L-functions, holomorphic at s 0 . Let F be a field with C ⊆ F ⊆ M <1 := the field of meromorphic functions of order < 1. We note that the semigroup ring
Introduction
Let K/Q be a finite Galois extension. For the character χ of a representation of the Galois group G := Gal(K/Q) on a finite dimensional complex vector space, let L(s, χ) := L(s, χ, K/Q) be the corresponding Artin L-function ([3, P.296]). Artin conjectured that L(s, χ) is holomorphic in C \ {1} and s = 1 is a simple pole. Brauer [4] proved that L(s, χ) is meromorphic in C, of order 1. Let χ 1 , χ 2 , . . . , χ r be the irreducible characters of G with the dimensions d 1 := χ 1 (1) ,. . . , d r = χ r (1). Let f 1 := L(s, χ 1 ), . . . , f r := L(s, χ r ). Artin [2, Satz 5, P. 106] proved that f 1 , . . . , f r are multiplicatively independent. It was proved in [8] that f 1 , . . . , f r are algebraically independent over C. This result was extended in [5] to the field M <1 of meromorphic functions of order < 1.
For two characters ϕ and ψ of G it holds that L(s, ϕ + ψ) = L(s, ϕ) + L(s, ψ), so the set of L-functions corresponding to all characters of G is a multiplicative semigroup Ar. Let s 0 ∈ C \ {1} and let Hol(s 0 ) be the subsemigroup of Ar consisting of the L-functions which are holomorphic at s 0 . Artin's conjecture at s 0 is Hol(s 0 ) = Ar.
It was proved in [10] [14] for further details.
In Proposition 1.1, we prove that if s 0 is a zero of f 1 and is not a zero of f 2 , . . . , f r , then Artin conjecture holds at s 0 if i) d 1 = 1 or ii) d 1 = 2 and s 0 is simple, i.e. f ′ 1 (s 0 ) = 0. In Proposition 1.2, we prove that F[H(s 0 )] is minimally generated by at least r monomials and, therefore, I H(s 0 ) = (0) if and only if F[H(s 0 )] is minimally generated by r monomials.
For 1 ≤ j ≤ r, let ℓ j be the order of s 0 as a zero of f j . In Theorem 1.4, we prove that I H(s 0 ) = (0) if and only if s 0 is a zero of f 1 and is not a zero of f 2 , . . . , f r−1 and ℓ 1 |ℓ j , (∀)2 ≤ j ≤ r. In Remark 1.5, we describe the Hilbert series of F[H(s 0 )] when I H(s 0 ) = (0).
For any 1 ≤ t ≤ r − 1 we let
where supp(v) := {x j : x j |v} is the support of the monomial v. In Theorem 1.6 we prove that Artin Conjecture is true at s 0 if and only if I H(s 0 ) = (0) and there exists 1
In Corollary 1.7, we reprove the main results of [10] and [11] . In Corollary 1.8 we prove that if the zeros of f 1 , . . . , f r are simple and distinct, Artin's conjecture holds if and only if F[H(s 0 )] satisfies several equivalent conditions. Under the same hypothesis, using a result from [9] , in Corollary 1.10 we prove that Artin's conjecture holds if the group G is almost monomial (as it was defined in [9] A virtual character χ of the group G = Gal(K/Q) is a formal sum
We associate to χ the meromorphic function L(s, χ) := f
The theory of virtual characters is an useful tool in studying L-Artin functions, see for instance [1] , [12] and [15] .
We note that Ar := {L(s, χ) : χ a virtual character of G} is a multiplicative group, isomorphic to (Z r , +). We let Hol(s 0 ) := {L(s, χ) ∈ Ar : L(s, χ) holomorphic in s 0 } and we prove that Hol(s 0 ) is an affine monoid isomorphic to a submonoid H(s 0 ) ⊂ Z r . In Proposition 2.2 and Proposition 2.3 we describe the toric ring
when I H(s 0 ) = (0), respectively when f 1 , . . . , f r have simple zeros and poles.
Main results
Using the notations from the Introduction, from [10, Theorem 1] and [5, Corollary 9] , it follows that the map
is an isomorphism of F-algebras. If χ is a character of G, then there exists some nonnegative integers a 1 , . . . , a r such that χ = a 1 χ 1 + · · · + a r χ r . It hold that [3, P. 297, (10)]
Let s 0 ∈ C \ {1}. We let Hol(s 0 ) be the semigroup consisting of the L-functions which are holomorphic at s 0 . It was proved in [10, Theorem 1] that Hol(s 0 ) is an affine semigroup isomorphic to a subsemigroup H(s 0 ) of N r . More precisely, the isomorphism is given by The character χ :
the Dedekind zeta function of K, is holomorphic at s 0 , hence
Now, assume that the Artin conjecture fails at s 0 , i.e. at least one of the ℓ j 's is negative. Since
, it follows that at least one of the ℓ j 's is positive. By reordering the characters χ 1 , . . . , χ r , we can assume that there exists 1 ≤ p < q ≤ r such that
(1.6) From (1.4) and (1.6) it follows that
. . , f r are holomorphic at s 0 , a contradiction. Therefore, from (1.5) and (1.6) it follows that
Moreover, according to a theorem of Rhoades ([12, Theorem 2]), it follows that
From (1.5), (1.6) and (1.9) it follows that Proof.
(1) Assume that Artin conjecture fails at s 0 . According to (1.10), it follows that
(2) Assume that Artin conjecture fails at s 0 . According to (1.8), it follows that 
would be isomorphic with a polynomial algebra in > r indeterminates, a contradiction. (1) s 0 is a simple zero of f 1 and is not a zero of f 2 , . . . , f r and ℓ 1 |ℓ j , (∀)2 ≤ j ≤ r.
Moreover, if one the above conditions holds, there exists 2 ≤ q ≤ r such that
where 
Remark 1.5. Assume that I H(s 0 ) = (0) and the Artin conjecture does not hold at s 0 . According to Theorem 1.4, there exists 2 ≤ q ≤ r such that
where
, 2 ≤ j ≤ q. It follows that the map
is a graded isomorphism of F-algebras, where F[t 1 , . . . , t r ] has the (non-standard) grading given by deg(t j ) = m j + 1, 2 ≤ j ≤ q, deg(t j ) = 1, j = 1 and q + 1 ≤ j ≤ r. Moreover, from (1.8) and (1.10) it follows that
Let a = (a 1 , . . . , a r ) be a vector of positive integers and let n ≥ 0 be an integer.
p a (n) := the number of integer solutions of a 1 x 1 + · · · a r x r = n with
is called the restricted partition function associated to a. It is well known that if S = K[t 1 , . . . , t r ] is the ring of polynomials with the grading given by deg(t j ) = a j , 1 ≤ j ≤ r, then the Hilbert function of S is 13) and the Hilbert series of S is
(1.14)
From (1.12), (1.13) and (1.14), it follows that the Hilbert function and the Hilbert series of F[H(s 0 )] are:
where supp(v) := {x j : x j |v} is the support of the monomial v. Theorem 1.6. The following are equivalent:
(1) Artin Conjecture is true at s 0 :
(2) I H(s 0 ) = (0) and for any 1 ≤ t ≤ r − 1 we have that 
∈ supp(v) and supp(v) ⊂ {x q+1 , . . . , x r }. It follows that
The (2) There exists
(4) For every j, k ∈ {1, . . . , r}, j = k there exists a monomial u ∈ F[H(s 0 )] such that x j |u and x k ∤ u.
(5) There exists 1 ≤ m < r such that for every set M ⊂ {1, . . . , r} with m elements and for every j ∈ M there exists k j > 0 such that j∈M x
Proof. It follows from Theorem 1.4, Theorem 1.6 and Corollary 1.7.
A finite group G is called almost monomial if for every distinct irreducible characters χ and ψ of G there exist a subgroup H of G and a linear character ϕ of H such that the induced character ϕ G contains χ and does not contain ψ. Every monomial group and every quasi monomial group in the sense of [7] are almost monomial. We restate [ In the following, we discuss other cases, in which I H(s 0 ) = 0. Proposition 1.11. Assume that f p+1 , . . . , f q have simple poles at s 0 . Then:
where supp(v) := {x j : x j |v} is the support of the monomial v.
We prove that u ∈ R, using induction on deg(u) ≥ 0. If deg(u) = 0, i.e. u = 1, then there is nothing to prove. Assume deg(u) > 0. If a p+1 = · · · = a q = 0 then u ∈ R. If this is not the case, then there exists 1 ≤ j ≤ p such that a j > 0. We choose a monomial v such that
where deg
Proposition 1.12. Assume that f 1 , . . . , f p have simple zeros at s 0 . Then:
Proof. We denote
Since
Let s := −ℓ p+1 a p+1 − · · · − ℓ q a q . We prove that u ∈ R, using induction on s ≥ 0. If s = 0 then we choose a monomial v ∈ F[x 1 , . . . , x p ] such that deg(v) = −ℓ j and deg
Applying the induction hypothesis on u ′ , it follows that u ′ ∈ R and thus u ∈ R, as required. Theorem 1.13. Assume that f 1 , . . . , f r have at most simple zeros and simple poles at s 0 . If Artin conjecture does not hold at s 0 , then:
(2) Letting Φ :
Proof.
(1) It follows from Proposition 1.11 and Proposition 1.12.
From (1.15) and (1.16) it follows that
(1.17) Consequentely, we can assume that
Without any loss of generality, we assume s(v) ≥ 0. We claim that we can assume
, using repeatedly the previous argument, we prove the claim.
Consequently, without any loss of generality, we can assume
We claim that we can assume
which implies v = 0 ∈ I, as required. Indeed, if this is not the case, we have b jk < b ′ jk for some 1 ≤ j ≤ p and p + 1 ≤ k ≤ q. From (1.18) it follows that there exists some indices 1 ≤ m ≤ p, p + 1 ≤ n ≤ q such that j = m, k = n and b mn < b ′ mn . Since t jk t mn − t jn t km ∈ I H(s 0 ) , it follows that v ∈ I H(s 0 ) if and only if v ′ = t jk tmn t jn t km v + − v − ∈ I H(s 0 ) . Using repeatedly the same argument, we prove the claim.
Virtual characters
Let χ = a 1 χ 1 + a 2 χ 2 + · · · + a r χ r , a j ∈ Z, 1 ≤ j ≤ r, be a virtual character of the group G = Gal(K/Q), and let L(s, χ) := f
is an isomophism of groups, where Ar was defined in Introduction. Since L(s, χ 1 ), . . . , L(s, χ r ) are algebraically independent over F, it follows that
r ] = the ring of Laurent polynomial in r indeterminates . We consider the set Hol(s 0 ) = {f = L(s, χ) : f holomorphic at s 0 , χ a virtual character of G}.
One can easily check that Hol(s 0 ) is a subsemigroup in Ar and (2.1) gives an isomorphism
By Gordon's Lemma, the semigroup H(s 0 ) is affine. It follows that
, where a j ∈ Z, 1 ≤ j ≤ r. We denote ord(u) := a 1 ℓ 1 + · · · + a r ℓ r . Our aim is to describe the generators of the F-algebra F[H(s 0 )]. Using the the assumption (1.6) and the notations from Theorem 1.4, we prove the following result: Proposition 2.2. Assume that Artin conjecture fails at s 0 . The following are equivalent: As in the proof of Proposition 2.2, we can assume that a 1 , . . . , a q ≥ 0. From Theorem 1.13, it follows that u ′ ∈ F[H(s 0 )] ∩ F[x 1 , . . . , x q ] ⊂ R ′ as required.
It follows that u ∈ F[H(s
(1) I H(s 0 ) = (0). (2) F[H(s 0 )] = F[x 1 , (x m 2 1 x 2 ) ±1 , . . . , (x mq 1 x q ) ±1 , x ±1 q+1 , . . . , x ±1 r ], where m j = − ℓ j ℓ 1 , 2 ≤ j ≤ q. Proof. (1) ⇒ (2) Let R := F[x 1 , (x m 2 1 x 2 ) ±1 , . . . , (x mq 1 x q ) ±1 , x
